Abstract. We extend some recent results about bounded invariant equivalence relations and invariant subgroups of definable groups: we show that type-definability and smoothness are equivalent conditions in a wider class of relations than heretofore considered, which includes all the cases for which the equivalence was proved before.
Introduction
The so-called strong types (i.e. bounded invariant equivalence relations finer than equivalence over ∅) and the related concept of connected group components play a very important role in modern model theory. They appear in many influential theorems and conjectures, e.g. Pillay's conjecture for groups in o-minimal theories, the independence theorem in simple theories, as well as much of stability theory.
Among these, the type-definable strong types and connected components are particularly well-understood, as they have very tractable topological nature. On the other hand, the non-type-definable ones are much less tame. Indeed, when we try to associate them with topological objects in an analogous manner, we may obtain trivial topologies.
In this paper, we try to make more precise the boundary between well-and ill-behaviour. In [CLPZ01] , the authors suggested that the quotients by the Lascar strong type (which may not be type-definable) can be understood via descriptive set theory. This was put in concrete form in a conjecture by the authors of [KPS13] , later proved in [KMS14] .
Later work published in [KM14] and independently in [KR16] yields an analogous fact for F σ orbital equivalence relations (which include ≡ L ), under the additional assumption that the domain is the set of realisations of a single complete ∅-type. Finally, in [KPR15] , the same fact was proven for arbitrary equivalence relations defined on a single complete ∅-type. Fact 1.2 (see Fact 2.10 for the precise statement). Suppose p ∈ S(∅) is a type in countably many variables, while E is a strong type on p(C). Then E is type-definable if and only if it is smooth. ♦ Very roughly speaking, the bulk of the proof of both Facts 1.1 and 1.2 is to prove that smoothness implies that each class is type-definable (in case of Fact 1.1, by careful analysis of the diameters related to the Lascar strong type using descriptive set theoretical methods, and in case of Fact 1.2, by using topological dynamical methods, introduced in [KP14] ). Once we have that, we need only to apply the following fact.
Fact 1.3. Suppose either:
a) E = ≡ L , or b) E is a strong type defined on p(C) for some p ∈ S(∅). Then if all classes of E are type-definable, then E is type-definable. Proof . If E = ≡ L , it follows easily from [New03, Corollary 1.8]. If E is defined on p(C) for a complete p, then it is the content of [KPR15, Remark 1.11].
In this paper, the goal is to find a common generalisation of Facts 1.1, 1.2 by finding and proving a common generalisation of the two variants of Fact 1.3, and then using that in conjunction with Fact 1.2. To that end, in Section 3, we reintroduce the notion of orbital equivalence relation from [KR16] (in an abstract setting), generalise it to the notion of a weakly orbital equivalence relation, and we prove a broad generalisation of Fact 1.3 in in the form of Theorem 4.8 (in case of ≡ L , circumventing the use of [New03] ). This allows us to deduce the main theorem of this paper.
Main Theorem (Simplified form of Corollary 4.10). Suppose T is a countable theory and X is a type-definable set (in a countable product of sorts).
Suppose E is a strong type on X which is weakly orbital by typedefinable (which includes orbital strong types like ≡ L , and -if X = p(C) for some p ∈ S(∅) -all strong types on X). Then E is smooth if and only if it is type-definable. ♦ By very similar reasoning, in Section 5 we obtain analogous results for definable group actions (in parallel to variants of results in [KMS14] , [KM14] , [KR16] and [KPR15] for definable group components) and, in Section 6, for continuous actions of compact groups.
Preliminaries
2.1. Basic facts from model theory. Here we recall very briefly some basic facts and definitions which will be applied in the modeltheoretical parts of this paper. This is not comprehensive, and is only meant to remind the most important notions; for more in-depth explanation, see e.g. [TZ12] for the elementary and [CLPZ01] for the more advanced topics.
Definition 2.1. Some of the basic definitions and conventions we will use are the following.
• We fix a complete first-order theory T with infinite models.
• By C we will denote a monster model of T , i.e. a model which is κ-saturated and κ-strongly homogeneous for a sufficiently large (strong limit) cardinal κ (or simply a saturated model of cardinality κ, for a sufficiently large strongly inaccessible cardinal κ, if such κ exists).
• We say that something is small or bounded if it is smaller than the κ from the definition of the monster model.
• We say that a set is A−type-definable (or type-definable over A)
if it is the intersection of a small number sets, each definable over A in a (fixed) small product of sorts of C. When A is irrelevant, we simply say that the set is type-definable.
• ≡ is the relation of having the same type over ∅.
• We say that a set (a subset of a small product of sorts of C) is invariant if it is setwise invariant under the standard action of Aut(C) or, equivalently, if it is ≡-invariant. When A is a small set, we say that a set is invariant over A if it is invariant under the group of automorphisms which fix A pointwise. ♦ Definition 2.2. Here we list the most relevant definitions related to equivalence relations and connected components in model theory:
• We say that an equivalence relation is bounded if it has a small number of classes.
• On every product of sorts of C, we have ≡ KP and ≡ L (KimPillay and Lascar equivalence), which are the finest bounded and, respectively, ∅-type-definable and invariant equivalence relations. Their classes are called Kim-Pillay and Lascar strong types (respectively).
• If G is a type-definable group (i.e. G is type-definable and the graph of its group operation is type-definable) while A is a small set, then we have the connected components G
00
A and G
000
A , which are the smallest A-type-definable and invariant over A (respectively) subgroups of small index in G.
• If E is a bounded invariant (over a small set) equivalence relation on an invariant set X, then we have the so-called logic topology on X/E, where the closed sets are precisely those which have type-definable preimages under the quotient map X → X/E. • There are groups Aut f KP (C) and Aut f L (C) called (respectively)
Kim-Pillay and Lascar strong automorphism groups. They are normal subgroups of Aut(C) such that ≡ KP -and ≡ L -classes are exactly the orbits of the appropriate strong automorphism groups. 
It is sometimes denoted by Gal 0 (T ). (6) If X is a type-definable set and E is a bounded invariant equivalence relation on X, then X/E is a Hausdorff space (with the logic topology) if and only if E is type-definable. ♦
With regard to (6), the fact that type-definable relations have Hausdorff quotients is folklore, while the converse is easy to see, as E is the preimage of the diagonal of X/E, which -provided X/E is Hausdorffis a closed subset of (X/E) 2 (in the product of logic topologies on X/E, and hence in the -a priori stronger -logic topology on X 2 /(E × E)).
2.2. Descriptive set theory. To formulate the main results, we will need the classical notion of smoothness from descriptive set theory.
Definition 2.4. Suppose that E is an equivalence relation on a Polish space X. We say that E is smooth if there is a Borel function f : X → R such that x 1 E x 2 if and only if f (x 1 ) = f (x 2 ).
Equivalently, E is smooth if it admits a countable Borel separating family, i.e. there is a family (B n ) n∈N of Borel sets such that x 1 E x 2 if and only if for all n we have x 1 ∈ B n ⇐⇒ x 2 ∈ B n . ♦ Smooth equivalence relations are the well-behaved, tame ones. This includes all closed equivalence relations (as well as G δ ). The reader may consult [BK96] for more in-depth discussion about group actions from the descriptive-set-theoretic perspective, including smoothness.
2.3.
More recent facts from model theory. In this subsection, we recall those of the more recent concepts mentioned in the introduction which will be used in the formulations and proofs of the main results (including Fact 2.10, which we seek to strengthen in this paper). For a more detailed exposition, one may consult one or more of [KPS13] , [KR16] , [KMS14] , [KM14] , or [KPR15] , particularly the preliminary sections.
Let us first define what smoothness means in the model-theoretic context. Definition 2.6. If X is an invariant set, then we say that it is countably supported if it is a subset of a countable product of sorts of C. ♦ Definition 2.7. Suppose that the theory is countable. Let M be a countable model, and let E be a countably supported, bounded equivalence relation, invariant over M, on an M-type-definable set X. Denote by X M the space of types over M of elements of X. Then X M is a compact Polish space and we have an equivalence , G and H were invariant over ∅, but this is an equivalent formulation, as we can add countably many parameters as constants to the language.)
Abstract orbital and weakly orbital equivalence relations
In this section, G is an arbitrary group, while X is a G-space, and neither has any additional structure. The goal here is to define and understand orbital and weakly orbital equivalence relations in such a general context. Note that the parts related to orbital equivalence relations in this and later sections can be read mostly independently of the (more technical) parts related to weak orbitality.
Unless otherwise stated, all the equivalence relations in this paper are assumed to be invariant. Definition 3.1. A relation R on X is said to be (G-)invariant if for every g ∈ G and x 1 , x 2 ∈ X we have x 1 R x 2 if and only if gx 1 R gx 2 . ♦ 3.1. Orbital equivalence relations. To every invariant equivalence relation, we can attach a canonical subgroup of G, and dually, each subgroup of G gives us an equivalence relation on X, namely its orbit equivalence relation.
Definition 3.2. If E is an invariant equivalence relation, then we define H E as the group of all elements of G which preserve every E-class setwise.
If H ≤ G, we denote by E H the equivalence relation on X of lying in the same H-orbit. ♦ Example 3.3. E H need not be invariant: for example, if G = X is acting on itself by left translations, then E H (whose classes are just the right cosets of H) is invariant if and only if H is a normal subgroup of G. ♦
The orbital equivalence relations -defined below -are extremely well-behaved among the invariant equivalence relations. At the same time, in model-theoretic context, this is a very natural class to consider: all the classical strong types (namely the Lascar, Kim-Pillay and Shelah strong types) are orbital.
Definition 3.4. An invariant equivalence relation E is said to be orbital if there is a subgroup H of G such that E = E H (i.e. E is the relation of lying in the same orbit of H). ♦ (Note that if E is orbital, then E ⊆ E G , i.e. E-classes are subsets of G-orbits.)
Proposition 3.5.
• If E is an invariant equivalence relation on X, then H E G and
Example 3.6. The action of SO(2) on S 1 is free, and the group is commutative. This implies that the orbital equivalence relations correspond exactly to subgroups of SO(2) (in fact, because the action is transitive, those are all the invariant equivalence relations). ♦ Example 3.7. Consider the natural action of SO(3) on S 2 . Certainly, the trivial and total relations are both invariant equivalence relations. Moreover, it is not hard to see that the equivalence relation identifying antipodal points is also invariant.
In fact, those three are the only invariant equivalence relations. Among them, only the first two are orbital. ♦ 3.2. Weakly orbital equivalence relations. As hinted at in the introduction, we want to find a generalisation of orbitality which includes equivalence relations invariant under transitive group actions. Here we define such a notion, and in Subsection 3.3 we will see that it does indeed include both cases. The following notation is fundamental for this paper.
Definition 3.8. For arbitrary H ≤ G andX ⊆ X, let us denote by R H,X the relation (which may not be an equivalence relation) defined by
Proposition 3.9. Note that R H,X may also be defined as the smallest relation R such that:
• R is invariant,
• for eachx ∈X and h ∈ H we havex R hx.
Proof. Straightforward.
Definition 3.10. We say that E is a weakly orbital equivalence relation if there is a subsetX ⊆ X and a subgroup H ≤ G such that E = R H,X . ♦ Note that, as in the orbital case, we always have R H,X ⊆ E G .
Example 3.11. The antipodism equivalence relation from Example 3.7 is weakly orbital: choose any pointx ∈ S 2 , and then choose a single rotation θ ∈ SO(3) which takesx to −x. ThenX := {x} and H := θ witness weak orbitality. ♦
For further examples of weakly orbital equivalence relations, see Subsection 3.4.
There is a useful, explicit description of "classes" of R H,X .
Lemma 3.12. Let R = R H,X . For every x 0 ∈ X, we have
where the union runs over g ∈ G such that g · x 0 ∈X.
Proof. Follows from Proposition 3.9.
Definition 3.13. A pair of maximal witnesses (of weak orbitality of E) is a pair (H,X) which witnesses weak orbitality and is maximal with respect to (joint) inclusion. In this case, we say that each of H andX is a maximal witness of orbitality of E. ♦
The following lemma is, in part, an analogue of the second bullet of Proposition 3.5.
Lemma 3.14. Consider R = R H,X . Then:
(1) R = R H,X ′ , whereX ′ := {x ∈ X | ∀h ∈ H x R hx}, and (2) R = R H ′ ,X , where
Moreover, for an equivalence relation E = R H,X :
• applying the two operations, in either order, yields a maximal pair of witnesses in the sense of Definition 3.13 (in particular, each ofX ′ and H ′ is a maximal witness), • every maximal witnessX is a union of E-classes.
Proof. For (1), (by the definition ofX ′ ) R is an invariant relation such that for allx ∈X ′ and h ∈ H we havex R hx. Since R H,X ′ is, by Proposition 3.9, the finest such relation, it follows that R H,X ′ ⊆ R. On the other hand,X ⊆X ′ , so R = R H,X ⊆ R H,X ′ . The proof of (2) is analogous.
The first bullet of the"moreover"part is clear. The second one follows from the fact thatX ′ is a union of E-classes (which is true because R is invariant).
Note that, in contrast to the orbital case, where we have a canonical maximal witness (namely, H E ), in the weakly orbital case, the maximal pairs of witnesses are, in general, far from canonical, for instance because for any g ∈ G we have R H,X = R gHg −1 ,g·X . In fact, even up to this kind of conjugation, the choice may not be canonical.
3.3. Orbitality and weak orbitality; transitive actions. Now, we proceed to show that the class of weakly orbital equivalence does indeed satisfy its stated objective: generalising the orbital equivalence relations and equivalence relations invariant under transitive actions.
Proposition 3.15. Every orbital equivalence relation is weakly orbital. In fact, if E = E H is an invariant equivalence relation, then E = R H,X (= R H E ,X ).
Proof. E H is by definition the finest relation such that for each x ∈ X and h ∈ H we have x E H hx. If it is also invariant, we have by Proposition 3.9 that R H,X = E H .
(It is worth noting that a weakly orbital equivalence relation is orbital if and only if its weak orbitality is witnessed by a normal subgroup of G, and also if and only if its weak orbitality is witnessed byX = X.)
When the action is transitive, every invariant equivalence relation is weakly orbital. This generalises the idea from Example 3.11. (Note that it corresponds to the context of Fact 2.10.) Proposition 3.16. Suppose the action of G is transitive, andx ∈ X is arbitrary. Then for any invariant equivalence relation E we have
Proposition follows from Lemma 3.12.
Remark 3.17. Note that even for transitive actions, R H,{x} is not in general an equivalence relation, as it may fail to be transitive. ♦
In a way, the cases described in Propositions 3.15 and 3.16 are orthogonal classes of weakly orbital equivalence relations: in the former, we can takeX to be the entire space, while in the latter, we can takẽ X singleton. They also roughly correspond to the two cases considered in Fact 1.3.
Given an arbitrary invariant equivalence relation E on X, we can attach to each G-orbit G ·x with a fixed "base point"x a subgroup Hx := Stab G {[x] E }, in which case G ·x/E is isomorphic (as a G-space) with G/Hx.
Along with Lemma 3.12, this gives an intuitive description of weakly orbital equivalence relations (among the invariant equivalence relations) as those for which we have a setX which restricts choice of "base points", and at the same time "uniformly" limits the manner in which the group Hx changes between various orbits: we can only take a union of conjugates of a fixed subgroup (and the conjugates we take depend also onX).
In later sections, we will consider the behaviour of E whenX is typedefinable or closed. We can think of that as somehow "smoothing" E between the G-orbits.
Further examples of weakly orbital equivalence relations.
In the first example, we define a class of weakly orbital equivalence relations which are not orbital, on spaces X with large |X/G| (so the action is far from transitive).
Example 3.18. Consider the action of G on X = G 2 by left translation in the first coordinate only. LetX ⊆ G 2 be the diagonal, and H be any subgroup of G. Then R H,X is a weakly orbital equivalence relation on X whose classes are sets of the form (
The relation is orbital if and only if H is normal (because the action is free). Meanwhile, |X/G| = |G|. ♦ (More generally, if we have a family of weakly orbital equivalence relations for G with the same witnessing group H, their disjoint union is weakly orbital.)
The second example shows us that we cannot, in general, chooseX as a transversal of X/G (i.e. a set intersecting each orbit at precisely one point).
Example 3.19. Let F be an arbitrary field. Consider the affine group G = F 3 ⋊ GL 3 (F ), and let G ′ be a copy of G, disjoint from it. Let ℓ ⊆ F 3 be a line containing the origin. Choose a plane π ⊆ F 3 containing ℓ. Let E be the invariant equivalence relation on X = G⊔G ′ (on which G acts by left translations) which is:
Put H = ℓ × {I} ≤ G, let A ⊆ GL 3 (F ) be such that A −1 · l = π and I ∈ A, and finally letX = ({0 ′ } × {I ′ }) ∪ ({0} × A) (where 0 ′ is the neutral element in the vector space component of G ′ ). Then E is weakly orbital, as witnessed byX and H (to see this, recall Lemma 3.12 and notice that the E-class and RX ,H -"class" of I both are the union of I + a −1 · ℓ over a ∈ A, while the class of I ′ is just I ′ + ℓ, and then use the fact that both E and RX ,H are invariant).
We will show that E does not have anyX 1 witnessing weak orbitality which intersects each of G and G ′ at exactly one point. Suppose that
In this section, we prove the Main Theorem (i.e. Corollary 4.10). As a side result, we show that orbitality and weak orbitality are welldefined model-theoretic properties for bounded invariant equivalence relations (see Corollary 4.3).
Throughout this section, X is a ∅-type-definable subset of a small product of sorts in C, while G is just Aut(C). We use the letter σ for arbitrary automorphisms (i.e. members of G = Aut(C)), and Γ and γ where we would use H and h in the rest of the paper, so as to follow the notation of [KR16] .
Furthermore, we identify Gal(T ) with [m] ≡ /≡ L for a tuple m enumerating a small model, as explained in Fact 2.3(3), and we consider the logic topology on various products; for example, a closed set in
is a set whose preimage in [m] ≡ × X is type-definable. Note that it is not a priori the same as being closed in the product of logic topologies on Gal(T ) and X/≡ L (the product topology might be coarser)! Similarly, the product relation ≡ L ×≡ L on a product of two invariant sets is usually not the finest bounded invariant equivalence relation on it (so it coarser than ≡ L on the product). Lemma 4.1. Let X be a type-definable set, and consider the action of Gal(T ) on X/≡ L . Then:
Preparatory lemmas in the case of the automorphism group action. For brevity, let us writex, for any [x]
(1) the map (σ,x) →σ(x) is continuous, (2) the map (σ,x 1 ,x 2 ) → (σ(x 1 ),σ(x 2 )) is continuous, (3) for each σ ∈ Aut(C), the mapx → (x,σ(x)) is continuous, (4) the map (x,σ) → (x,σ(x)) is closed. (Where we consider the logic topology on Gal(T ), X/≡ L , as well as their products -note again that the logic topology on the product may be finer than the product of logic topologies.) Proof. Consider the partial type Φ(n, x, y) = (mx ≡ ny ∧ x ∈ X).
Claim. For any n ∈ [m]
≡ and x, y ∈ X, the following are equivalent:
•n ·x =ȳ,
Proof. Supposen ·x =ȳ. Then we have some σ ∈ Aut(C) such that σ(m) =n and σ(x) =ȳ. This means that we have some τ ∈ Aut f L (C) such that τ (σ(m)) = n. But τ • σ =σ, and taking y ′ = τ • σ(x) gives us the second bullet. For the reverse implication, if σ witnesses that mx ≡ ny ′ , then in particularσ(m) =n, so by definitionn ·x =σ(x) = σ(x) =ȳ ′ =ȳ. The proof that the third bullet is equivalent to the first is analogous.
(claim)
It follows that for any A ⊆ X/≡ L we haven ·x ∈ A if and only if |= (∃y)ȳ ∈ A∧Φ(n, x, y) (because "ȳ ∈ A" is a ≡ L -invariant condition), which is a type-definable condition about n and x, if A is closed. This gives us the continuity of (n,x) →n ·x, i.e. (1).
Because the induced maps (
2 are a (topological) quotient maps, (2) follows from (1), applied to X 2 . To obtain the continuity ofx → (x,n ·x) for alln, note that if we fix anyn ∈ Gal(T ) and some A ⊆ (X × X)/(≡ L × ≡ L ), then likewise (x,n ·x) ∈ A exactly when |= (∃y) (x,ȳ) ∈ A ∧ Φ(n, x, y), which is again a type-definable condition about x whenever A is closed.
Similarly, for the closedness of (n,x) → (x,n·x), note that (x,ȳ) is in the image of A ⊆ ([m] ≡ × X)/(≡ L × ≡ L ) exactly when |= (∃n) (n,x) ∈ A ∧ Φ(n, x, y), which is a type-definable condition about x and y, as long as A is closed. (
In particular, E is [weakly] orbital if and only ifĒ is (because we can always assume that Aut f L (C) is contained in the group witnessing [weak] orbitality, as Aut f L (C) fixes each class setwise).
Proof. Consider the quotient map q : X → X/≡ L . Then we have:
and, since Γ · x is an ≡ L -invariant set, conversely:
For the orbital case, the implication (1)⇒(2) is an immediate consequence of ( †) -Ē-classes are the q-images of E-classes, whileΓ -orbits are the q-images of Γ -orbits. The converse is analogous, as by ( † †), Γ -orbits are the q-preimages ofΓ -orbits and of course E-classes are q-preimages ofĒ-classes.
The weakly orbital case can be proved similarly: by Lemma 3.14, we can assume that
Then we can just apply Lemma 3.12: if
(where the union runs overσ such thatσ(x) ∈X), then also
where the last union runs over σ such that σ(x) ∈X. To see the last equality, just note that (by ( * )) σ(x) ∈X if and only ifσ(x) ∈X. This yields (2)⇒(1), and the opposite implication is analogous. (See also Question 7.1.)
Lemma 4.4. If E = R Γ,X is bounded invariant and either:
Proof. By Lemma 3.14(2) and Fact 2.3(1), we can assume without loss of generality that Aut f KP (C) ≤ Γ . Then by Lemma 3.14(1), there is a Γ -invariant (and hence ≡ KP -invariant)X ′′ ⊇X such that E = R Γ,X ′′ = R Γ,X ; the conclusion follows.
Results in the case of the automorphism group action.
The following is a weaker form of Theorem 4.8, but it does not require the machinery of weakly orbital equivalence relations. It can be seen (in part) as a generalisation of the first case of Fact 1.3. Theorem 4.5. Suppose E is a bounded invariant, orbital equivalence relation on X. Then the following are equivalent:
(1) E is type-definable, (2) each E-class is type-definable, (3) Γ E is the preimage of a closed subgroup of Gal(T ), (4) E = E Γ for some Γ which is the preimage of a closed subgroup of Gal(T ), (5) X/E is Hausdorff.
Proof.
(1) and (5) are equivalent by Fact 2.3(6).
(1) trivially implies (2).
Because Γ E =ΓĒ is the intersection of stabilisers of classes ofĒ, we obtain (2)⇒(3) by Lemma 4.1(1) and Proposition 4.2.
(3) trivially implies (4) (because E is orbital). If Γ is as in (4), then by Proposition 4.2,Ē is the image of (X/≡ L )×Γ via the closed map from Lemma 4.1(4), soĒ is closed, and E is typedefinable.
To express the full theorem, we will need the following technical definition.
Definition 4.6. We say that an invariant equivalence relation E is weakly orbital by type-definable if there is a type-definableX witnessing its weak orbitality. ♦ Remark 4.7. Note that orbital equivalence relations are weakly orbital by type-definable (viaX = X), and on the other hand, if X = p(C), all invariant equivalence relations are weakly orbital by type-definable (viaX = {x 0 } for any x 0 ∈ X). ♦
We can now state the generalisation of Fact 1.3 promised in the introduction. More specifically, the equivalence of (1) and (2) below generalises it. On the other hand, the equivalence of (1) and (3) shows us that tameness of E and tameness of witnesses to its weak orbitality are closely tied, which is reinforced in Corollary 4.10. (See also Remark 4.9.) Theorem 4.8. Suppose E is bounded invariant, weakly orbital equivalence relation on X. Then the following are equivalent:
(1) E is type-definable, (2) each E-class is type-definable and E is weakly orbital by typedefinable, (3) E = R Γ,X for some type-definableX and a group Γ ≤ Aut(C) which is the preimage of a closed subgroup of Gal(T ), (4) X/E is Hausdorff.
Proof. Points (1) and (4) are equivalent by Fact 2.3(6).
Note that by Proposition 4.2,Ē is weakly orbital if and only if E is, and using Lemma 4.4 each of the points (1)-(3) is equivalent to its analogue forĒ (where we replace Aut(C) with Gal(T ) and X with X/≡ L , mapping each automorphism and point to its class, and we substitute "closed" for "type-definable" as appropriate). This allows us to freely pass back and forth betweenĒ and E.
(1) clearly implies that allĒ-classes are closed, and by weak orbitality ofĒ, we have someΓ ≤ Aut(C) andX ⊆ X such that E = RΓ ,X .
But then by Lemma 3.14, we can replaceX with
which by Lemma 4.1(3) is the intersection of a family of closed sets, and as such closed itself, which yields (2). Similarly, to obtain (3) from (2), apply Lemma 3.14 once again, this time replacingΓ with aΓ ′ , and using Lemma 4.1(1).
Assume (3). By Lemma 4.4, we obtain closedX andΓ ≤ Gal(T ) such thatĒ = RX ,Γ . Now note that while EΓ may not be invariant, it is a closed equivalence relation (by Lemma 4.1(4)), and we havē
It follows from Lemma 4.1(1), (2) that the expression under ∃σ defines a closed set. By the definition of the logic topology (and because projections preserve type-definability), projection preserves closedness, which yields (1).
Remark 4.9. It actually follows from the proof of Theorem 4.8 that we can add to the statement a counterpart of Theorem 4.5(3), namely that all maximal witnessesX, Γ are type-definable and the preimage of a closed subgroup of Gal(T ) (respectively). We also have analogous equivalent conditions in Theorem 5.6 as well as Theorem 6.8. ♦
The following corollary is the main result of this paper, and a formal statement behind the Main Theorem in the introduction (consult also Remark 4.11 below to see how it relates to Fact 2.10).
Corollary 4.10. Assume that the theory is countable. Suppose that E is a bounded, invariant, countably supported equivalence relation on X. Assume in addition that E is orbital or, more generally, weakly orbital by type-definable. Then the following are equivalent:
(1) E is type-definable, (2) each E-class is type-definable, (3) E is smooth, (4) X/E is Hausdorff, (5) for each complete ∅-type p ⊢ X, the restriction E↾ p(C) is typedefinable.
Proof. Clearly, (1) implies (5), which implies (2). By Theorem 4.5 or 4.8, (2) implies (1).
(1) implies (3) by Fact 2.9, and it is equivalent to (4) by Fact 2.3(6). Finally, (3) implies that each restriction E↾ p(C) is smooth, whichby Fact 2.10 -implies (5).
Remark 4.11. In the context of Corollary 4.10, Fact 2.10 implies that if Y ⊆ X is a type-definable and E-invariant subset of X such that Aut(C) · Y = X and E↾Y is smooth, then the condition (5) from the corollary is satisfied.
Using this and Remark 4.7, we can see that Corollary 4.10 extends Fact 2.10. (However, bear in mind that Fact 2.10 is essential in the proof of Corollary 4.10: it merely hides the heavy topological dynamical machinery used in its proof, which we certainly do not circumvent here.) ♦
Type-definable group actions
In this section, G is a type-definable group, X is a type-definable set, while the action of G on X is also type-definable (in the sense that it has a type-definable graph), all in the monster model C. We will adapt the ideas from the preceding section to obtain parallel theorems in case of definable and type-definable group actions (thus generalising Fact 2.11, just like the previous section generalised Fact 2.10).
5.1. Preparatory lemmas in the case of type-definable group actions.
Proposition 5.1. The analogue of Lemma 4.1 is true for a typedefinable group action. More precisely, if G acts type-definably on X (i.e. the graph of the action is type-definable), then:
(1) the map (g, x) → g · x is pseudo-continuous (preimages of typedefinable sets are type-definable), (2) the map (g,
is pseudo-closed (images of typedefinable sets are type-definable).
Proof. Trivial.
We need to slightly modify the statement of Fact 2.11 to one which fits better in our context. Lemma 5.2. Assume that the language is countable. Suppose we have a definable action of G on X (i.e. G is a definable group and the action of G on X has a definable graph) which is transitive. Let E be a bounded, G-invariant equivalence relation on X, which is also invariant over a countable set A ⊆ C (i.e. Aut(C/A)-invariant). Then E is smooth if and only if it is type-definable.
is a left-invariant equivalence relation on G: the relation of lying in the same left coset of H. Let us denote it by E ′ . It is easy to see that E is type-definable if and only if E ′ is. Moreover, E is smooth if and only if E ′ is. To see that, let M be a countable model containing all the necessary parameters (i.e.x, A, the parameters in the definitions). Notice that because Ψ is an M-definable surjection, it induces a continuous surjection Ψ M : G M → X M , where G M is the set of types over M of elements of G and similarly, X M are the types over M of elements of X. A continuous surjection between compact Polish spaces always has a Borel section, so we can use Ψ M and its section to transport the Borel separating families (from the definition of smoothness) between G M and X M .
But we know from Fact 2.11 that E ′ is type-definable if and only if it is smooth, so the same is true for E.
Remark 5.3. In Lemma 5.2, we only really need G itself to be definable, and even that only because that is assumed in Fact 2.11. (See also Question 7.2.) ♦
5.2.
Results in the case of type-definable group actions.
Theorem 5.4. Let G be a type-definable group acting type-definably on a type-definable set X. Suppose E is an orbital, G-invariant equivalence relation on X with G 000 A -invariant classes (for some small set A). Then the following are equivalent:
(1) E is type-definable, (2) each E-class is type-definable, (3) H E is type-definable, (4) there is a type-definable subgroup H ≤ G such that E = E H .
In addition, if E is bounded (equivalently, if X/G is small), then the conditions are equivalent to the statement that X/E is Hausdorff with the logic topology.
Proof. The proof is largely analogous to the proof of Theorem 4.5. For the most part it is easier, and the only additional difficulty lies in the implication (2)⇒(3): we have that
and each of the sets intersected on the right hand side is type-definable, but the intersection is not small. However, by the assumption, each of the sets on the right hand side contains G 000 A , so we can replace the large intersection by one of size at most [G : G In this context, we have a definition parallel to Definition 4.6, and the analogue of Remark 4.7 clearly applies.
Definition 5.5. We say that a G-invariant equivalence relation E is weakly orbital by type-definable if there is a type-definableX witnessing its weak orbitality.
Theorem 5.6. In context of Theorem 5.4, if we assume that E is only weakly orbital, then the following are equivalent:
(1) E is type-definable, (2) each E-class is type-definable and E is weakly orbital by typedefinable, (3) E = R H,X for some type-definable H andX, In addition, if E is bounded (equivalently, X/G is bounded), then the conditions are equivalent to statement that X/E is Hausdorff with logic topology.
Proof. We work as in the proof of Theorem 4.8. The main difference is that we do not need to pass to the Galois group, and (as in the proof of Theorem 5.4) we need to be a little bit more careful when we apply Lemma 3.14. For example, in proving (2) from (1), at some point we takeX
As before, this is a non-small intersection of type-definable sets, but we can instead intersect over h representing cosets in H/G 000 A . Corollary 5.7. Assume that the theory is countable. Suppose G is a definable group acting definably on X, while E is a bounded, Ginvariant equivalence relation on X, which is also invariant over a countable set A ⊆ C. Assume in addition that E is orbital or, more generally, weakly orbital by type-definable. Then the following are equivalent:
(1) E is type-definable, (2) each E-class is type-definable, (3) E is smooth, (4) X/E is Hausdorff, (5) for each x ∈ X, the restriction E↾ G·x is type-definable.
Proof. Clearly, (1) implies (5), which implies (2). By Theorem 5.4 or 5.6, (2) implies (1) (note that the assumptions that E is bounded and A-invariant imply together that E-classes are G 000 A -invariant).
(1) implies (3) by Fact 2.9, and it is equivalent to (4) by Fact 2.3(6). Finally, (3) implies that each restriction E↾ G·x is smooth, which -by Lemma 5.2 -implies (5).
Remark 5.8. Corollary 5.7 can be slightly generalised: if we have a definable group action of G on X, a type-definable group K ≤ G, and some K-invariant Y ⊆ X, then Corollary 5.7 remains true if we replace G and X with K and Y (respectively), which is a direct generalisation of Fact 2.11 (where we have X = G, Y = K and E = E H ).
It follows from an appropriate generalisation of Lemma 5.2 (with essentially the same proof). ♦
(Weakly) orbital equivalence relations for compact group actions
In this section, G is a compact group acting continuously on X. We will prove a counterpart of the main theorem in this (purely topological) context. 6.1. Preparatory lemmas in the case of compact group actions.
Lemma 6.1. Let G be a compact Hausdorff group acting continuously on a Hausdorff space X. Then we have analogous properties as in Lemma 4.1, i.e. :
(1) the map (g, x) → g · x is continuous, (2) the map (g,
Proof. For (4), notice that the image of A ⊆ X × G is the projection along G of (A × X) ∩ Γ ⊆ X × G × X, where Γ is the graph of the group action, so if A is closed, its image is closed by compactness of G. The remaining points are trivial by continuity.
The following theorem of Miller was one of the main tools used in [KPR15] , and can be seen as a precursor to Fact 2.10. We will apply it here to obtain an analogous (but much easier to prove) result in the topological case. Theorem 1] ). Suppose that G is a totally nonmeagre [i.e. without any closed subsets meagre in themselves] group, and H ≤ G. If there is a countable family (E i ) i∈N of strictly Baire [i.e. whose trace on every subspace has the Baire property, relatively to the subspace topology] sets separating right cosets of H [i.e. every right coset is exactly the intersection of those E i which intersect it], then H is closed. ♦ For our applications, it is important that a compact group is always totally nonmeagre and Borel sets are always strictly Baire. Note also that we can switch right cosets for left cosets in Fact 6.2 just by taking inverses.
Lemma 6.3. Suppose G is a totally nonmeagre topological group acting continuously (or even in a Borel way) and transitively on a Polish space X. If E is an invariant equivalence relation which is smooth (in the sense of Definition 2.4, i.e. it has a countable separating family of Borel sets), then for each x 0 ∈ X, the stabiliser Stab G {[x 0 ] E } is closed in G.
Proof. Choose any x 0 ∈ X. Put H := Stab G {[x 0 ] E }. We will use Fact 6.2 to show that H is closed.
Consider the map Ψ : G → X defined by g → g · x 0 . By invariance of E and the definition of H, we have Ψ (g 1 ) E Ψ (g 2 ) if and only if g 1 [x 0 ] E = g 2 [x 0 ] E , i.e. g 1 H = g 2 H. This implies that the pullback of a countable separating family for E is a countable separating family for left cosets of H in G.
Furthermore, since Ψ is continuous, a pullback of a family of Borel sets will be a family of Borel, and hence strictly Baire sets. Together with the conclusion of the preceding paragraph and Fact 6.2, this implies that H must be closed.
6.2. Results in the case of compact group actions.
Theorem 6.4. Suppose G is a compact Hausdorff topological group acting continuously on a Hausdorff space X.
The following are equivalent for an orbital invariant equivalence relation E on X:
(1) E is closed (2) each E-class is closed, (3) H E is closed, (4) E = E H for a closed subgroup H ≤ G, (5) X/E is Hausdorff.
Proof. Apart from (5), we proceed similarly to the proof of Theorem 4.5, bearing in mind Lemma 6.1. The following examples show that we cannot drop the assumption that G is compact in Theorem 6.4, even if G is otherwise very tame.
Example 6.5. Consider the action of G = R on a two-dimensional torus X = R 2 /Z 2 by translations along a line with an irrational slope (e.g. t · [x 1 , x 2 ] = [x 1 + t, x 2 + t √ 2]). Then for H = G the relation E G has dense (and not closed) orbits, so in particular, X/E G has trivial topology. ♦ Example 6.6. Consider the action of G = R on X = R 2 defined by the formula t · (x, y) = (x + ty, y). Then for H = G, the classes of E G the other hand, there are equivalence relations which are unbounded, but are still orbital in every monster model (the simplest example is just equality). Thus, one might wonder whether or not is (weak) orbitality, in general, a well-defined model-theoretic property. The main difficulty seems to be that in the unbounded case, we cannot quantify over automorphisms.
Question 7.1. Can unbounded invariant equivalence relation be "accidentally" [weakly] orbital? In other words, are there monster models C 1 , C 2 and an (unbounded) invariant equivalence relation E such that E(C 1 ) is [weakly] orbital, while E(C 2 ) is not? ♦ 7.2. Type-definable group actions. Except for Corollary 5.7 and Lemma 5.2, the results of Section 5 apply equally in the case of a typedefinable (not necessarily definable) group action. The main reason we require definability there is that those two were based on Fact 2.11 (which assumes definability of the group in its hypotheses), but otherwise, it seems like it should be possible to extend them to type-definable group actions.
Question 7.2. Can Corollary 5.7 and Lemma 5.2 be extended to typedefinable group actions? ♦ 7.3. Further ties to descriptive set theory. In Corollaries 6.10, 5.7, and 4.10, we have tied information about the witnesses of weak orbitality of an equivalence relation to its descriptive-set-theoretic property: smoothness. One might wonder whether this can be used further, for example to determine the Borel cardinality of X/E in the non-smooth case.
Question 7.3. Can we extract any additional set-theoretical or topological information about an invariant equivalence relation E from the witnesses to its weak orbitality? ♦
